Abstract. We present a new variational characterization of breather solutions of any equation of the focusing Gardner hierarchy. This hierarchy is characterized by a nonnegative index n, and 2n + 1 represents the order of the corresponding PDE member. In this paper, we first show the existence of such breathers, and that they are solutions of the (2n+1)th-order Gardner equation. Then we prove a variational universality property, in the sense that all these breather solutions satisfy the same fourth order stationary elliptic ODE, regardless the order of the hierarchy member. This fact also characterizes them as critical points of the same Lyapunov functional, that we also construct here. As by product of our approach, we find breather solutions of the hierarchy of (2n+1)th-order mKdV equations, as well as a respective characterization of them as solutions of a fourth order stationary elliptic ODE. We also extend part of these results to the periodic setting, presenting new breather solutions for the 5th and 7th mKdV members of the hierarchy. Finally, we prove ill-posedness results for the whole Gardner hierarchy, by using appropiately their breather solutions.
Introduction
In this work we are concerned with the focusing Gardner hierarchy that we define as follows
u(t, x) ∈ R, µ ∈ R + , n ∈ N, (1.1) which we will call it hereafter as (2n + 1)th-order focusing Gardner equations. Here L n are the Lenard operators defined recursively by (
1.4)
This recursion relation (1.1) generates the whole focusing Gardner hierarchy. Note that we will only work with the focusing version (via the complex Miura transformation iu x + (µ + u)
2 [23] ) since we are interested in real valued and regular solutions (namely, solitons and breathers), instead of the singular structures which appear in the defocusing Gardner hierarchy, and which, on the other hand, was already studied by Gomes et al [16] . Moreover, only positive values for the parameter µ will be considered in the present work, since as it was recently discovered by Muñoz and Ponce [24] , Gardner breathers do not exist when µ ∈ R − . See below for more details of breather solutions (1.10).
Using the Lenard operators L n (1.2)-(1.3)-(1.4) and a suitable spatial translation to remove linear terms, a first few members of the Gardner hierarchy are (see appendix B.1 for 9th and 11th order Gardner equations): the focusing Gardner (n = 1) u t + (u xx + 6µu 2 + 2u 3 ) x = 0, (1.5) the 5th-order Gardner (n = 2) u t + u 5x + 10µ 2 u 3x + 20µuu 3x + 10u 2 u 3x + 120µ 3 uu x + 180µ 2 u 2 u x + 120µu 3 u x + 10u 3 x + 30u 4 u x + 40µu x u xx + 40uu x u xx = 0, (1.6) the 7h-order Gardner (n = 3) 
+ 1680µ
2 uu x u xx + 1680µu 2 u x u xx + 182u x u 2 xx + 560u 3 u x u xx = 0.
(1.7) Note, moreover that selecting µ = 0 in (1.1), we get the focusing mKdV hierarchy of equations, defined by
(1.8)
This recursion relation (1.8) generates the whole mKdV hierarchy, recovering the one depicted in [25] - [21] . Many previous works have shown explicit solutions of hierarchies. For the mKdV hierarchy, Matsuno [21] proved the existence and built explicitly the N -soliton solution. More recently, Gomes et al [16] dealt with the defocusing mKdV with non vanishing boundary conditions (NVBC) and the associated defocusing Gardner hierarchy, showing multisolitonic structures. Unfortunately, many of the zero boundary value solutions are singular.
With respect to breather solutions, they are defined as localized in space and perodic in time (up to symmetries of the equation) functions. For instance, in the Gardner case, they are shortly defined as follows:
A breather solution B µ of the classical Gardner equation (1.5) is given by the formula
, (1.9) where h 1 , h 2 are precise trigonometric and hyperbolic functions.
See Theorem 1.1 for a detailed and complete definition. Breathers were previously studied for mKdV [6, 7] , Gardner [8] , sine-Gordon [10] and NLS [9] equations and also in many other nonlinear models (see [18, 19, 13, 14, 15] ). In some of these works, breather solutions are indeed characterized as solutions of a precise fourth order ODE (mKdV and Gardner) or a system of ODEs (sine-Gordon), and indeed being defined as local minimizers of suitable Lyapunov functionals built as linear combinations of conserved quantities up to H 2 level. In the case of higher order equations, some stability results were proved for breather solutions of the 5th, 7th and 9th mKdV equations in [2] and also for the breather solution of the 5th Gardner equation, once the global in time behavior of its solutions was well understood [5, 3] . However, with respect to Gardner or mKdV hierarchies and as far as we know, no real regular breather solutions were shown or mentioned explicitly in the literature [20, 16] .
In this work we present breather solutions for the whole Gardner and mKdV hierarchies (1.1)-(1.8), and we will show that in fact they share the same functional profile for the whole hierarchy, up to corresponding speed parameters, which will depend on the level of the hierarchy considered (see (1.10) for a detailed definition). This is for us a nonexpected and surprising universality property. Even more, in the periodic mKdV setting, we obtain a detailed description of periodic breather solutions of the corresponding 5th and 7th order mKdV equations (see Section 6). We believe in fact that a similar complete description of periodic breather solutions for the whole mKdV and Gardner hierarchies is feasible.
Also the main aim of this work is to show that all breather solutions of Gardner and mKdV hierarchies satisfy a universal fourth order ODE, which it is the same for any breather solution of the corresponding equation member of the considered hierarchy. This universality expands the variational characterization of these breather solutions, meaning that for any member of the Gardner and mKdV hierarchies, a breather solution is a critical point of a precise Lyapunov functional defined in the Sobolev space H 2 .
Therefore, the goal of this work is twofold: firstly we are going to define and to characterize variationally regular breather and N-soliton solutions of the Gardner and mKdV hierarchies of equations. Secondly, the most important result will be to show that any higher order Gardner (mKdV) breather solution of the Gardner (mKdV) hierarchy of equations (1.1)-(1.8), satisfies the same fourth-order stationary elliptic ODE and it is a critical point of a Lyapunov functional defined in H 2 . That means that the breather solution of the corresponding equation member of the Gardner (mKdV) hierarchy holds a fourth order ODE, which it is the same for all breather solutions of any higher order Gardner (mKdV) equation of the Gardner (mKdV) hierarchy, and therefore the same universal ODE independently of the level of the Gardner (mKdV) hierarchy considered. Using these higher order breather solutions of the Gardner hierarchy, we will prove the ill-posedness of the Gardner hierarchy, determining the critical Sobolev index depending on the level of the hierarchy. Finally, and for the shake of completeness, we will provide a complete description of periodic breather solutions of 5th and 7th order mKdV equations.
In short, we list our main results as follows: (1) Structure: all these breather solutions have the same functional structure, namely given α, β ∈ R\{0} and µ ∈ R + \{0} such that ∆ = α 2 + β 2 − 4µ 2 > 0, and x 1 , x 2 ∈ R we have 10) with y 1 = x + δ 2n+1,µ t + x 1 and y 2 = x + γ 2n+1,µ t + x 2 .
(2) Velocities: The velocities γ 2n+1,µ and δ 2n+1,µ are the only parameters depending on the level of the hierarchy considered, in the following explicit form:
where
in the (2n+1)th-order Gardner equation (1.1).
(3) Smoothness: Each breather solution of the Gardner hierarchy above presented is smooth in time and space, and belong to the Schwartz class in space. (4) Convergence to mKdV: For all n ∈ N, these breather solutions of the Gardner hierarchy reduce to breather solutions of the mKdV hierarchy (1.8) as µ → 0, namely 11) with y 1 and y 2 12) and with velocities
Remark 1.1. As far as we know, this is the first example of breather solutions of the mKdV and Gardner hierarchies.
Our second result is a characterization of each new Gardner breather as solution of a nonlinear fourth order ODE. Note that this ODE does not depend on the order of the hierarchy. Furthermore, any breather solution of the hierarchy is a critical point of the same Lyapunov functional. Theorem 1.3 (Universal nonlinear ODE and variational characterization). Any breather solution B µ of the (2n + 1)-th order Gardner equation (1.1) satisfies, for any n ∈ N, the same fourth order elliptic equation
(1.13)
Moreover, for any n ∈ N, the breather solution B µ of the Gardner hierarchy (1.1) is a critical point of a universal Lyapunov functional H µ (4.4), which is written as linear combination of three conserved laws in the following way
(1.14)
Remark 1.2. The conserved functionals in (1.14) can be explicitly found in (4.1), (4.2) and (4.3).
Remark 1.3. This nonlinear ODE was already found in the case of the classical Gardner equation in [8] . See also [6] for a first proof in the mKdV case. The surprise here is that every breather member of the hierarchy is solution of the same nonlinear ODE.
Remark 1.4 (About the stability of the hierarchy Gardner breathers). Note that with this variational characterization for breather solutions of the whole Gardner hierarchy, and applying the same ideas pointed out in [8] (see also [6] ), a suitable stability result for breather solutions of the Gardner hierarchy (1.1) can be presented, provided a well-posedness theory is available, which is not the case today. Currently, only the stability result for breather solutions of the 5th order Gardner equation has been proved, see [5] . The well-posedness of the remaining members of the hierarchy is an interesting open problem. Compare with Theorem 1.5 below, which shows weak ill-posedness depending on the index n of the member.
As a direct corollary of the main result Theorem 1.2, we get, when µ = 0 in (1.13), the fourth-order elliptic ODE satisfied by all breather solutions of the mKdV hierarchy. Corollary 1.4 (Universality for mKdV hierarchy breathers). Any breather solution B of the (2n + 1)-th order mKdV equation (1.8) satisfies for any n ∈ N the same fourth order elliptic equation
Moreover, mKdV breathers of the hierarchy are classical critical point of an associated functional, just as in 1.14, but with µ = 0.
This corollary complements and completes the main result in [2, Th.2.4], which essentially considered the 5th, 7th and 9th mKdV equations only.
Our third result is related to well-posedness issues. Indeed, following the key idea introduced by Kenig, Ponce and Vega [17] on NLS and mKdV, and generalized to the classical Gardner equation in [4] and the 5th order Gardner equation in [3] , we are able to study these higher order breather solutions, and show ill-posedness for the whole hierarchy in the following sense: (classical Gardner), for n = 2, s c (2) = 3 4 (5th. order, see [5] ), for n = 3, s c (3) = Note that the larger is n, the higher is the Sobolev index s for which we have ill-posedness below that regularity. Additionally, for n > 4 we have ill-posedness above H 2 , the natural space for breathers stability. Consequently, we cannot expect variational stability of breathers for members of the hierarchy of order 2n + 1 = 11 or higher.
Also, a completely similar ill-posedness result can be proved for the mKdV hierarchy. See Corollary 5.1. The Sobolev index inequality s < 2n−1 4
is the same.
Finally, our last result considers the mKdV hierarchy in the periodic setting. We have obtained periodic breather solutions of higher order mKdV equations, as follows: Theorem 1.6 (Existence of higher order periodic breathers). The 5th and 7th order mKdV equations have periodic breather solutions, of the following form: 16) where sn(·, k) and nd(·, m) are the standard Jacobi elliptic functions of elliptic modulus k and m, and
(1.17) Remark 1.6. See (6.5) and (6.6) in Section 6 for an explicit expression for velocities (δ 5,m , γ 5,m ) in the 5th order case and (δ 7,m , γ 7,m ) in the 7th order respectively. Remark 1.7. See [11] for a detailed account on the elliptic functions involved in (1.16).
The validity Theorem 1.6 follows directly, after cumbersome computations, or the use of a standard symbolic software. We skip the details for the interested reader.
We believe that these periodic breathers are completely new for the 5th and 7th order setting. In the classical mKdV periodic case, these solutions were found by Kevrekidis et al. [18, 19] . Also, in [11] , we presented stability properties of these solutions, which could be applied to these new breathers after some work. The variational structure of these solutions is an interesting open problem.
We believe that the whole mKdV hierarchy has the same functional expression for periodic breather solutions, varying with velocities, but the form of higher order speeds than 5th and 7th order has escaped to us, and we were not able yet to obtain a complete description.
1.1. Organization of this paper. This paper is organized as follows: in Section 2 we introduce the solitons for the Gardner hierarchy. In Section 3 we prove existence of breathers, Theorem 1.2. Section 4 deals with the proof of the variational characterizations of Gardner breathers, Theorem 1.3. Section 5 is devoted to the proof of Ill-posedness of the Gardner and mKdV hierarchies, Theorem 1.5. Finally, Section 6 provides further information on Theorem 1.6. Matsuno for his inspirating works and enlighting comments in a first version of this manuscript.
2. Preliminaries 2.1. Formulae for 1-solitons. As a consequence of the complete integrability of (1.1), and following Matsuno [21, (3.11) ]- [22] and the Inverse Scattering Method, it is possible to see that the Gardner hierarchy (1.1) has explicit 1-soliton solutions. For the sake of completeness, since we have not found a formal statement of this result in the literature, we include it here: Definition 2.1. The higher order 1-soliton solution Q c ≡ Q c,n of any equation member of the Gardner hierarchy (1.1), i.e. of any (2n + 1)-th order Gardner equation is given by
and a p,n as in the Definition 1.10 above.
Moreover, it is easy to see that any 1-soliton solution Q µ,c (2.1) of any equation member of the Gardner hierarchy (1.
Proof. By substituting directly Q µ (2.1) in (2.2) for all n ∈ N.
Finally note that selecting the parameter µ = 0 in (2.1) we reduce to the mKdV limit, and we get from the 1-soliton solution of the Gardner hierarchy (2.1), the 1-soliton solution of the mKdV hierarchy, as it was depicted by Matsuno [21] : 
3)
In addition to these higher order 1-soliton solution (2.1), we are also able to obtain breather solutions of the Gardner hierarchy (1.1).
Higher order breathers. Proof of Theorem 1.2
Note that item (4) in Theorem 1.2 follows directly from proving items (1), (2) and (3). On the other hand, item (3) is a direct consequence of item (1) . Given the speeds in item (2), we are only left to prove item (1) in Theorem 1.2.
Our first step will be to present the following identity valid for any solution of the Gardner hierarchy (1.1), and that will be a key tool in the proof of item (1) in Theorem 1.2:
Proof. We select a solution u of (1.1) in the form
First note that here F µ and G µ are not necessarily the same functions introduced in (1.10) but generic ones for this ansatz. Note moreover, that the left part of the Gardner hierachy (1.1) can be rewriten as a finite sum of terms like
. . , L are nonnegative integers. Then, substituting the above expression in (1.1), and using Hirota's D-operators 1 (D t , D x ), we arrive to the following conditions on G and F:
and
whereã n,µ ,b n,µ are coefficients depending on µ and associated to each member of (1.1). Then, dividing by GF the first equation (3.4), and taking into account the following identity
we obtain:
Hence,
We will also need the following Lemma
Assume that B µ satisfies (3.1) and has velocities γ 2n+1,µ and δ 2n+1,µ
Then B µ is a solution of the Gardner hierarchy (1.1) for any t ∈ R.
Proof. By hypothese B µ satisfies (3.1), namely
∂x 2 log(G · F) − 2µB µ . Since, the Gardner hierachy (1.1) is equivalent to system (3.4)-(3.5), it is enough to see that actually B µ holds both. First of all, since B µ (t, x) := i∂ x log( G(t,x) F(t,x) ), with F := F µ + iG µ , G = F µ − iG µ = F * , and resorting to (3.5), we rewrite the above identity as:
and therefore
and multiplying by GF, we get
x (GF) − 2iµD x (GF) = 0, which is the first equation (3.4) that one obtains after application of the Hirota's operators to the Gardner hierachy (1.1). In order to describe the time evolution, we should check that (3.5) holds. Instead, we are going to compute directly the velocities, driving the temporal part of (1.1) and which is equivalente to (3.5). Namely, using a matching method with ansatz B µ (1.10) and free parameters γ 2n+1,µ and δ 2n+1,µ , we proceed substituting directly B µ (1.10) into the 5th and 7th order Gardner equations (1.6)-(1.7), and and upon lengthy algebraic manipulations we find that B µ is indeed a breather solution of the 5th and 7th order Gardner equations (1.6)-(1.7) respectively, provided that
with a 1,2 = 10, a 2,2 = 1, and
with a 1,3 = 70, a 2,3 = 14, a 3,3 = 1. By induction for any order 2n + 1, n ∈ N, we get that
where a p,n is the coefficient of the term µ 2(n−p) u (2p+1)x in the (2n+1)th-order Gardner equation.
Proof of Theorem 1.2. (1) Structure: Let α, β ∈ R\{0} and µ ∈ R + \{0} such that ∆ = α 2 + β 2 − 4µ 2 > 0, and x 1 , x 2 ∈ R. We check now that B µ in (1.10) satisfies, at t = 0, the identity (3.1) valid for solutions of the Gardner hierarchy (1.1). For ease of notation let us use the following expression for B µ (1.10):
with
− a 3 α cos(y 1 )) 2 , (3.11) where
Then, having in mind notation N, N x , N xx , N 3x , N 4x and H, H x , H xx ,H 3x , H 4x of Appendix A, (3.1) simplifies as
Finally, substituting explicitly H ′ s and N ′ s terms, we verify, using the symbolic software Mathematica, simple trigonometric and hyperbolic identities and some rearrangements, that
and we conclude. Now, in order to get a complete dynamical description of B µ (1.10) at any t, we have to obtain the velocities γ 2n+1,µ and δ 2n+1,µ .
(2) Velocities: Now, we determine the velocities γ 2n+1,µ and δ 2n+1,µ . Using a matching method with ansatz B µ as in Lemma (3.5), we conclude that
where a p,n is the coefficient of the term µ 2(n−p) u (2p+1)x in the (2n+1)th-order Gardner equation. The Gardner hierarchy (1.1), as being a completely integrable scheme of equations, has infinitely many conserved quantities. Some standard conservation laws at the H 1 -level are the mass
the energy
and the higher order energy, defined respectively in H 2 (R),
, we define the following Lyapunov functional, as in (1.14):
Therefore, H µ [u] is a real-valued conserved quantity, well-defined for H 2 -solutions of the Gardner hierarchy (1.1), provided they exist.
4.1.
Proof of Theorem 1.3. We first prove (1.13): we recast the l.h.s. of (1.13) as follows:
Now we compute explicitly the last line in (4.5). For simplicity, we use the same notation (3.10) and A as in the proof of Theorem 1.2 in 3.
with H, N as in (3.11) and a i , i = 1, 2, 3 already defined in (3.12). We first compute the term
and we get
(4.9) Moreover, we have that
11) and
(4.13) Hence, we get the following simplification of (1.13):
with R 1 , R 2 , R 3 in (4.9), (4.11) and (4.13) respectively. In fact, we verify, using the symbolic software Mathematica, that after substituting H ′ s and N ′ s terms explicitly (as they were shown in the Appendix A) in (4.14), lengthy rearrangements and basic trigonometric and hyperbolic identities, we get
and we conclude the proof of (1.13).
Now, we prove that B µ is actually a critical point of H µ . We will show that 16) with Q being the quadratic form defined in (4.17), and
. We evaluate and expand the Lyapunov functional H µ in terms of a perturbation of the breather B µ , with z ∈ H 2 (R). A direct computation with integration by parts yields
Similarly,
Collecting all, we get that
where the quadratic form 17) associated to the linearized operator L µ given by
(4.18) Gathering all higher order terms (with respect to z) in N µ [z] we get
Part ( Now, we prove the ill-posedness result presented in Theorem 1.5 for the whole Gardner hierarchy (1.1), having in mind the explicit breather solution (1.10). Note firstly that from (1.10), the explicit breather solution can be approximated in the limit α ≫ β, namely let µ fixed and suppose that β α ≪ 1. From (3.10), we see that the breather solution (1.10) reduces to the function B α,β,µ,n (t, x) ≈ 2β cos(α(x + δ 2n+1 t))sech(β(x + γ 2n+1 t)) (5.1) or simply 2) where Q denotes the solution of the nonlinear ODE Proof. We consider the IVP for the (2n+1)th-order Gardner equation with initial data given by the breather solution (1.10),
With µ fixed, we take the parameter α large enough, such that β α ≪ 1. Then, from (5.2), the initial data reads 6) with Q β defined in (5.5). We take
Observe thatQ β (·) concentrates in the ball B β (0) = {ξ ∈ R; |ξ| < β}. First, we calculate the H s -norm of two different initial data for the (2n+1)th-order Gardner equation (1.1) in the regime with α large enough, such that β α ≪ 1:
where C denotes a constant. Second, we measure the distance between these initial data
Consequently,
Next, we consider the corresponding solutions B α1,β,µ,n (t) and B α2,β,µ,n (t) at the time t = T . We can see that
Moreover, from (3.6), note that
where a j,n and b j are convenient real constants and P (l) (α, β) is a polynomial whose its degree is l ∈ N. If 
The information above shows that B αj ,β,µ,n (T ), j = 1, 2, concentrates in the ball
Under this condition, we have that
If we select 20) we have that
and, from (5.17), Proof. Selecting µ = 0 in the above theorem, we get the result.
Remarks on periodic breathers for the 5th and 7th mKdV equations
In this section we provide further details on the introduction of periodic in space breathers for the mKdV hierarchy, namely, Theorem 1.6. 6.1. 5th and 7th order mKdV. We consider now, from (1.6) and (1.7) when µ = 0, the periodic case of the 5th-order mKdV:
and the 7th-order mKdV
( 6.2) 6.2. Standard and new mKdV periodic breathers. A family of periodic breathers (named KKSH breathers) for the classical mKdV equation was found by Kevrekidis et al by using elliptic functions and a matching of free parameters (see [18, 19, 11] for further reading). For the higher order mKdV equations (6.1) and (6.2), an equivalent expression of periodic breathers is available, by following a similar matching of parameters. Namely, we consider here the 5th and 7th mKdV equations (6.1) (6.2) where now
is periodic in space, and T x = T = R/LZ = (0, L) denotes a torus with period L, to be fixed later. Higher order periodic cases can also be described but for the shake of simplicity, we will keep our discussion with these 5th and 7th orders.
We refer the reader to [1, 12] for a more detailed account on the Jacobi elliptic functions sn and nd presented below. The proof of Theorem 1.6 is essentially contained in the following Proposition 6.1 (Periodic breathers of 5th and 7th mKdV equations). Given α, β > 0, x 1 , x 2 ∈ R and k, m ∈ [0, 1], the following is satisfied.
(1) Periodic breather solutions of the 5th and 7th mKdV equations (6.1) (6.2), are given by the explicit formula (see [18] and [ (6.6) (3) Additionally, in order to be a periodic solution of 5th and 7th-mKdV equations (and also for the classical mKdV), the parameters m, k, α and β must satisfy the following commensurability conditions on the spatial periods
7)
where K is the complete elliptic integral of the first kind, defined as Remark 6.1. Note that conditions (6.7) formally imply that the periodic breather B (6.3) has only four independent parameters (e.g. β, k and translations x 1 , x 2 ). Additionally, if we assume that the ratio β/α stays bounded, we have that k approaches 0 as m is close to 1. Using this information, the standard non periodic 5th and 7th-mKdV breathers can be formally recovered as the limit of very large spatial period L → +∞, obtained e.g. if k → 0. 
